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On the Convergence of the GCR(k) Method

for Singular Systems

Ken Hayami* and Masaaki Sugihara!

Summary Consider applying the restarted Generalized Conjugate Residual (GCR(k))
method to systems of linear equations Ax = b or least squares problems agrelléln |b — Ax||2,

where A € R™" may be singular and/or nonsymmetric and x,b € R". Let R(A) and
N (A) be the range and null space of A, respectively.

First, we prove that the necessary and sufficient condition for the method to converge
to a least squares solution without breakdown for arbitrary b and initial approximate
solution @, is that A is definite in R(A), and R(A) L N (A).

Next, we show that the necessary and sufficient condition for the method to converge
to a solution without breakdown for arbitrary b € R(A) and arbitrary xy, is that A is
definite in R(A).

The main idea of the proofs is to decompose the algorithm into the R(A) and R(A)*
components.

Finally, we will give examples arising in the finite difference discretization of two-point
boundary value problems of an ordinary differential equation, corresponding to the above
two cases.

Key words: Krylov subspace method — GCR(k) method — singular systems — least
squares problems — decomposition of algorithm
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1 Introduction
Consider the system of linear equation
Ax = b, (1)

where A € R™", x, b € R", which arises, for instance, in the discrete approximation of
partial differential equations.

*National Institute of Informatics, 2-1-2, Hitotsubashi, Chiyoda-ku, Tokyo 101-8430, Japan, and The
Graduate University for Advanced Studies (Sokendai), e-mail: hayami@nii.ac.jp

"Department of Computational Science and Engineering, Graduate School of Engineering, Nagoya
University, Furou-cho, Chikusa-ku, Nagoya 464-8603, Japan, e-mail: sugihara@na.cse.nagoya-u.ac.jp



When A is nonsymmetric, there are Krylov subspace type iterative solvers for (1)
based on biorthogonality, such as the Bi-CG method [9] and its modified versions such
as the CGS [29], Bi-CGSTAB [33], QMR [13] and TFQMR [11] methods. There are also
methods based on minimizing the residual » = b— Ax, such as the Generalized Conjugate
Residual (GCR) method [8] and the Generalized Minimum Residual (GMRES) method
[23]. When the coefficient matrix A is nonsingular, the behaviour of these methods is
fairly well understood [8, 23].

On the other hand, in the discrete approximation of partial differential equations,
the coefficient matrix of the resulting system of linear equations may be singular, de-
pending on the boundary condition. For instance, when Neumann boundary conditions
are imposed on the whole boundary, the system is rank one deficient. In the finite ele-
ment electromagnetic analysis using edge elements, singular systems with null spaces of
large dimensions may arise [2, 22, 17]. Such systems also arise when using redundant
interpolation functions in the finite element method [30]. The computation of stationary
probability vectors of stochastic matrices in the analysis of Markov chains also gives rise
to singular systems [32, 12, 5]. The correction equations in the Jacobi-Davidson method
[27] for eigenvalue problems are also singular systems.

For such singular systems, the system (1) does not always have solutions, so it is
generally more appropriate to consider the least squares problem alzreul{ln |b — Ax||,.

The analysis of linear stationary iterative methods on singular systems can be found,
for instance, in [31, 6]. Work on semi-iterative methods for such systems was done in
(7, 14, 26].

As for the analysis of Krylov subspace methods for singular systems, there are the
works of [20, 32, 19, 10] for the conjugate gradient (CG) method, [12, 36] for methods based
on biorthogonality such as the QMR and TFQMR methods. For residual minimization
type methods, we refer to [1, 15, 16] for the conjugate residual (CR) method, [37] for the
Orthomin(k) method, [24, 25] for the GCR method and [3, 28, 18, 4, 25] for the GMRES
method.

When the system is singular, the CG method and methods based on biorthogonality
may diverge [37], and one has to modify the system in order to guarantee convergence
[19, 35]. On the other hand, for methods based on minimizing the residual, by principle,
the residual is expected to decrease monotonically without such modifications [1, 37].

In [1], Abe et al. analysed the behaviour of the CR method for singular systems by
decomposing the algorithm into the R(A) (range of A) component and its orthogonal
complement, and derived necessary and sufficient conditions for the method to converge
without breakdown for arbitrary right hand side and initial approximate solution.

In this paper, we will further clarify their arguments and apply their approach to
the analysis of the restarted Generalized Conjugate Residual (GCR(k)) method. Fur-
ther, we derive the necessary and sufficient condition for the method to converge without
breakdown when b is restricted in R(A) (the consistent case).

The rest of this paper is organized as follows: In Section 2, we will review convergence
results of the GCR/(k) for nonsingular systems. In Section 3, we introduce the orthonormal
basis for decomposing vector variables into the R(A) component and R(A)* component.
Then, in Section 3.1, we analyse the properties of the submatrices A;; and Aq, thus
obtained, in relation to R(A) and the nullspace N'(A). In Section 3.2, we decompose the



GCR(k) algorithm into the R(A) and R(A)* components using this basis. In Section 3.3,
we derive convergence theorems for the general case when b may not necessarily belong
to R(A). In Section 3.4, we derive a convergence theorem for the consistent case when
b € R(A). Finally, in Section 3.5, we give examples coming from the discretization of
two-point boundary value problems of an ordinary differential equation.

In this paper, exact arithmetic (i.e. no rounding errors) will be assumed, and the
following notations will be used.

(v1,v9,...,v;): the subspace spanned by the vectors vy, v, ..., v;.
V+: orthogonal complement of subspace V' of R™.
For X € R™*™,

R(X): the range space of X, i.e. the subspace spanned by the column vectors of X,
N (X): the null space of X, i.e. the subspace of vectors v € R" such that Xv = 0,

X+ X7
M(X) := At

Amin(X): the eigenvalue of X with minimum absolute value,
Amax(X): the eigenvalue of X with maximum absolute value.

: the symmetric part of X,

2 Convergence of the GCR(k) method on nonsingu-
lar systems

First, we will consider the convergence of the Generalized Conjugate Residual (GCR(k))
method for nonsingular systems according to [8, 21, 1].
For the system of linear equations

Ax = b, (2)

where A € R™ " is nonsingular but not necessarily symmetric, b € R" is the right hand
side, and & € R" is the solution, the GCR(k) method [8] is given as follows.

The GCR(k) algorithm

Choose x

x rog:=b— Axg

Dy :=To

For i =0,1,...,k until the residual (r) converges, do
begin

Tip1 =1 — a;Ap;
(Aripq, Apj)

B = (0<j <
’ (Ap;, Ap;) ( )
Piy1 = Tip1 + Z ﬂ; p;
7=0

end



Lo = Tg+1
Go to *.
(3)

The method is a Krylov subspace method which minimizes the residual norm ||r;||2
over x; = xo+(rgy, Arg, - - -, A7 1rg), satisfying the orthogonality (Ap,, Ap,,) =0 (I < m),
within the same cycle. The method restarts every k-1 iterations, instead of doing the full
orthogonalization, in order to save storage and computation time. The full GCR method
without restarts may be considered as GCR(o0).

When (Ap;, Ap;) = 0, the GCR(k) method is said to break down, and no further
computation can be performed.

If the (full) GCR method does not break down, it gives the exact solution to (2) in at
most n iterations [8].

First, note the following lemmas.

Lemma 1 If the symmetric part M(A) of a matriz A is definite, then the matriz A is
nonsingular.

Proof. Denote M := M(A). Note that (z, Mx) = 3(x, Az) + 5(x, ATx) = (x, Ax). If
A is singular, there exists & # 0 such that Az = 0. Hence, for such x # 0,

(x, Mxz) = (x,Ax) = 0, which contradicts with the definiteness of M. Thus, A is
nonsingular. O

Lemma 2 [8] The following relations hold within the same cycle of the GCR(k) method
if M(A) is definite.

(Ap;, Ap,,) =0 ({#m, 0<Il,m<k+1) (4)
(r,Ap,,) =0 (0<m<I<Ek+1) (5)
(ri, Ary) = (ri, Ap) (0<1<k+1) (6)

When A is nonsingular, the sufficient condition for the residual vector of the GCR(k)
method to converge to 0 is given by the following theorem [8, 21].

Theorem 1 If the symmetric part M(A) of A is definite, either of the following holds
for the GCR(k) method (k > 0).

1. There exists | > 0, such that p, # 0 (0 <i <) and r, = 0. Further,

Iriale® _ 0 {Dmin(M(A)}
e = Al ATA) "

holds for 0 <i <.

2. Foralli>0,p;, #0,r; # 0 and (7) hold.



Proof. 'To show that the method does not break down, it is sufficient to show that, when
p; 70 (0 <i<[—1)and p, =0, then 7, = 0. From (6) of Lemma 2, (r,, Mr;) =
(ry, Ar)) = (r;, Ap,). Hence, if p, = 0, we have r; = 0, since M := M (A) is definite. The
proof of the inequality (7) is given in [§8]. O

Next, note the following lemma.

T
Lemma 3 If M(A) := ArA

is not definite, there exists v # 0 such that (v, Av) = 0.

Proof. Since M := M(A) is symmetric, its eigenvalues are all real. If M has a zero
eigenvalue, let the corresponding eigenvector be & # 0. Then, there exists & # 0 such
that (z, Az) = (x, M(A)x) = 0.

If M has positive and negative eigenvalues, i.e.

M >0, o o] =15 Moy = Ay,
3)\2 < O, 3’02; H’UQH = 1, Muvy = )\Q’UQ,

A1 # A2 so that (vq,v,) = 0. Hence, letting ¢ # 0 an arbitrary constant, and
x:=c (\/—)\gvl + \//\_1172) we have, « # 0, and (z, Ax) = (x, M) =0. O

Theorem 1 and Lemma 3 give the following theorem which gives the necessary and
sufficient condition for the GCR(k) method to converge without breakdown [1].

Theorem 2 Let A € R"™" be nonsingular. Then, the GCR(k) method converges to the
solution of Ax = b without breakdown for arbitrary right hand side b € R"™ and initial
approzimate solution g € R™, if and only if the symmetric part M(A) of A is definite.

Proof. First, we will prove the necessity of the condition.

Assume that M(A) is not definite. Then, by Lemma 3, there exists v # 0 such that
(v, Av) = 0. In the GCR(k) method, let ¢y = A~'(b — v). Then, Azq = b — v, so that
ro=b— Axy = v # 0. Hence, p, =19 = v # 0, and (7ry, Ap,) = (v, Av) = 0. Note also
that, since A is nonsingular and p, # 0, Ap, # 0, and (Ap,, Ap,) # 0.

Then, for step i = 0, ap = 0, so that &; = &y # A~'b, and r, = ry = p, # 0. Thus,

Arq, Ap
we have ) = _(ApliApO)) = —1, so that p; =71 + Xpy =71 — Py = Py — Py = 0.
0 0

Hence, for £ > 1, in step ¢ = 1, the denominator of a; becomes 0 and the method
breaks down, even though r; # 0.

For £ = 0, breakdown does not occur, but the solution remains x; = xy, and the
residual 7; = 79 = v # 0, so that the solution never converges to the true solution, which
proves the necessity of the condition.

The sufficiency of the condition is a consequence of Theorem 1. O

The GCR method is a simple and useful implementation of the Krylov subspace
method for nonsymmetric matrices. Although the GCR method is “mathematically equiv-
alent” to the GMRES method [23], the GCR has breakdowns unique to the method, which
may occur when the system is indefinite, as shown in the theorem above, where as the
GMRES never breaks down for nonsingular systems. This character is reflected in the
singular case, as will be shown in the following section.
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3 Convergence of the GCR(k) method on singular
systems

In this section, we will consider the convergence of the GCR(k) method when it is applied

to the least squares problem

Jnin [|b — Az, (8)

where A € R™" may be singular and b € R", as a generalization of the system of linear
equations (2).

Following [1], we will analyse the convergence of the method on singular systems by
decomposing the method into its R(A) component and its R(A)" component.

Let rankA = dimR(A) = r > 0, and

qi,---,q, : orthonormal basis of R(A), 9)
. 1s-- - q, : orthonormal basis of R(A)", (10)
Ql = [qu“‘aqr] GRnXT7 (11>
Q2:=[qy41,---,q,) € R, (12)
so that,
Q:=[Q1, Q2] e R (13)

is an orthogonal matrix satisfying
Q'Q=0QQ" =1,, (14)

where [, is the identity matrix of order n.
Orthogonal transformation of the coefficient matrix A using @) gives

A — QTAQ — Q1T64Q1 Q1T64Q2 ] _ [ Aoll AOIQ ] : (15)

since QQTAQ = 0. Here, AH = QlTAQl and A12 = QlTAQQ.

3.1 Properties concerning A;; and A

First, we will clarify some properties concerning the sub-matrices A;; and A;,, which
appeared in (15).

Theorem 3 Ay, := Q, " AQ; : nonsingular <= R(A) NN (A) = {0}.

Proof.
Q1T AQ; : nonsingular
= Qi'[Aqy,..., Aq] = [QlTAqla"'anTAqr} : nonsingular

< ZCZ'(QlTAqi):O:>61:"':CT:O]

i=1



— _QlTA<zr:ciqi>:0 — 01:~-~:cr:01
L i=1

= A(Xr:ciqZ) € R(ANRA)? = ¢ :~-~:c7«:0]
L \i=1

<— A(iciqi>:O:>clz---:cT:0]
L \i=1

= iciqieN(A):>01:-~-:cr:0

o [ € R(A) AN(A) — 2= 0)
— R(A)AN(4) = {0}. O

We give an example where Aj; is singular.

Ezample 1 Let

and e; := (1,0,0)T, ey :=(0,1,0)T, e5:=
Aey, =0, Aes = es.

Hence, R(A) = (e1, e3), so that r = 2, and N (A) = (e,). Hence, neither
R(A) L N(A) nor R(A) NN (A) = {0} holds.

If we let q, := ey, g, := €3, q5 := e3, so that Q1 := [qy, q,] = [e1, €3],
Q2 = [q3] = [es]. Since Q := [Q1, Q2] = I3 and QTAQ = A, we have

0,0,1)T. Then, we have Ae; = e,

1 0
An 3:Q1TAQ1: [O 017

and Aj; is singular.
Note also that in this example,

A123:Q1TAQ2=l(1)175l81.

In fact, the following holds.

Theorem 4 Ay := Q,"AQ, =0 <= R(A) L N(A).

Proof.

Q1TAQ; =0

= Q1'[Aq,y, -, Aq,)]

> Aq; e R(A)" (r+1
> Aq; € R(A) NR(A)*"
= (qy41,---.4,) =N(A
<— R(A) LN(4). O

0
j<mn)
{0} (r+1<j<n)

T IA



Corollary 1 R(A) L N(A) = Ay : nonsingular
Proof. R(A) L N(A) = R(A) NN (A) =0 <= Ay : nonsingular. O

Hence,

-araq=| %' o]

holds if and only if R(A) L N (A), and then, A;; is nonsingular.
We give an example where the opposite of Corollary 1 is not true.

1 -1
-
Note rankA = 1. Let q; := (1,0)*. Then, R(A) = (q;). Let gy := (0,1)T. Then,
R(A)t = {g,). On the other hand, N'(A) = ((1,1)"). Hence, R(A) L N(A) does not
hold. However, since Q; := [q;], 411 := QT AQ; = [1], so that A;; is nonsingular and
R(A)NN(A) = {0} holds.
The following identity holds.

Ezxample 2 Let

Lemma 4 R(A)Lt = N(AT).

Proof.

x € R(A)*L

— (ATz,y) = (x,Ay) =0 VyeR"
= ATz =0

<~z eN(AT). O

Hence, we have the following lemma.

Lemma 5 The following (1), (2), (3), (4) are equivalent.
(1) R(A) LN(4),

()Alz—o
(3) N(AT) = N(4),
(4) R(AT) =R(A).

Proof. (1) <=(2) is Theorem 4. (1) <= (3) follows from Lemma 4.
Applying Lemma 4 to AT gives R(AT)+ = N(A).
Hence, (1) <= R(A)t = N(A) <= R(A)r =R(AT)t < (4). O

Below are examples (cf. [3]) of classes of matrices which satisfy the condition:

R(A) L N(A).

Lemma 6 A: normal = R(A) L N(A).



Proof. If A is normal,

z € N(A) < Az =0 < (Az, Az) = 0 <= (ATAz,x) = 0

— (AATz,2) = 0 <= (ATz, AT2) = 0 = ATz = 0 = z € N(4T).
Hence, N'(A) = N (A1), so that R(A) L N(A). O

Corollary 2 A : symmetric = R(A) L N(A).

Proof. 1If A is symmetric, then A is normal. Hence, Lemma 6 implies R(A) L N (A).
An alternative proof using Theorem 4 is as follows.

AT = A
- At Ay A
n 0| /o7 T AT ATH — AT AN 11 A
[AHTO = (@"AQ) —QAQ—QAQ—lO O]
:>A12:0

— R(A) LN(A). O

Lemma 7 A : nonsingular = R(A) L N(A).
Proof. 1f A is nonsingular, R(A) = R™, and N (A) = {0}. Hence, R(A) L N(A). O

3.2 Decomposition of the GCR(k) algorithm into the R(A) and
R(A)+ components

Now we will consider decomposing the GCR(k) algorithm into the R(A) and R(A)*
components. In order to do so, we will use the transformation

T 1
V= QTU: [QhQﬂTU = l g;T: ] = [ 22 ] )

1

v = Qv = [Q1, Q] [ 22 ] = Qv + Quv°,

cf. (9)-(14). Here, v* corresponds to the R(A) component Qv' of v, and v? corresponds
to the R(A)* component Qyv? of v.

Using this transformation, we will decompose the vector variables a, p, b, r in to the
R(A) component and the R(A)+ component.

Note, for instance, that the residual vector r := b — Ax is transformed into

7i=Q'r=Q'b - Q' AQ(Q =),

7‘1 . bl . All A12 .’Bl

r2 | | b 0 0 x? |’
’l”'1 = bl — Anazl — A12332
r? = b’

or

ie.,

(17)



Hence, in the least squares problem (8),

16— Ax|l,”> = ||r]ly° =+7Tr = rTQQ"r = (Q"r)TQ"r
T~ 2 2 2 2
= = e = i ) (18)
> "

Note also that the quantities in the GCR(k) algorithm (3) can now be expressed as
follows.
First,

(r,Ap) = (QF,AQp) =7 QTAQp

T o | A A p!
= [7'1 .7 } [ 011 012] lp2 ] = (7'1,1411171‘1‘1412172)-

Next,

(Ap, Ap) = (AQp, AQp) = p QT ATAQP = p QT ATQQ" AQp = (Ap, Ap),

where,
Ap — Ay A p' _ App' + App?
p 0 0 p2 0 )
so that
(Ap, Ap) = (Anpl + App?, Anp' + A12p2).
Further,

(Ar,Ap) = (AQF, AQp) =7"QTATQQ" AQp
= (A7, Ap) = (Aur! + Appr?, Aup' + Ap?).

Hence, the GCR(k) algorithm can always be decomposed into the R(A) and R(A)*
components as follows.

Decomposed GCR(k) algorithm (the general case)

Choose initial approximate solution x.

R(A) component R(A)" component
b':=Q,"b b®:=Q,Tb

x) = Qi x x? = Qy
xrii=b" — Apxl — Apx? ri .= b’

Py =7} p=ri=">b"
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For i =0,1,..., kuntil convergence do

begin
(T'il, Anpil + A12p?>
(Anp} + AlQp?a 14111%1 + Alng)

Qy =
1 . 1 2 . .2 2

T =X+ Ti =Ty + oyp;
1 .l 1 2 2 2 B2

Tip1 =T, — Oéi(Anpi + A12P¢) Tig1 =T = b

(Anri + Apriy, A11P]1~ + A12P§)

= — 0<j<i

2 (Anp]l' + A12p}7 Anp; + A12p]1') O<i<i)

Pl =T+ ) 6P Pl =T + ) 6P
=0 7=0

end

Ty = Thyy T{ = Ty

Go to *.

(19)

Note that 72, the R(A)* component of the residual vector is always equal to the least
squares residual b® of (8) (cf. (17), (18)).

3.3 Convergence theorem for arbitrary b

Using the decomposition obtained above, we will first derive the convergence theorem for
arbitrary b, i.e. when b may not necessarily be in R(A).
First note that, for the case when R(A) L N(A), we have A5 = 0 from Theorem 4.
Hence, (17) becomes
r! = bl — A !

,’,2 — b2. (20>

Note also that, from Corollary 1, A;; is nonsingular. Hence, from (18) and (20), a least
squares solution of (8) is given by x' = A;;'b".

Now, for the case R(A) L N(A), the above decomposed GCR(k) algorithm (19) can
be simplified as follows.

11



Decomposed GCR/(k) algorithm (Case R(A) L N(A))

Choose initial approximate solution .

R(A) component R(A) component
b':=Q,Tb b’ :=(Q,'b

x) = Q1Mo xf = Q2" o
wrl— bl _ A 2._ p2

Py =T} pi=ri =0

For ¢ =0,1,..., kuntil convergence do

begin

(rilv Allpzl)

Q; = T T
(Allpi7 Anpi)
| 1 2 = g2 2
T =T +op; Tip1 = L)+ Qip;
S | 1 2 .2 32
ri+1 — ri - &iAllpi IriJrl T Iri - b
1 1
P = T T
(Allpj7 Alle)
i 7
1 .1 i1 2 2 L2
pi+1 = TZ+1+Zﬂ]p] p’i+1 T T’L+1+Zﬂ]p]
end
1. ol 2.— 2
Ty = Tpy Lo = Thpq
Go to*.

(21)

Note that the R(A) component of the above algorithm is equivalent to the GCR(k)
algorithm applied to the system of linear equations

Alla:l = bl. (22)

Hence, the convergence of the residual of the decomposed GCR(k) algorithm (21) is
determined by the convergence of the residual ! for the GCR(k) method applied to the

12



system (22). Hence, from Theorem 1, we obtain the following lemma concerning the
convergence of the residual of the decomposed GCR(k) method (21).

Lemma 8 If Ajy = 0, and the symmetric part M(Ay) of Ay = Q1T AQ is definite,
either of the following holds for the decomposed GCR(k) algorithm (21).

1. There exists | > 0 such that p} #0(0 <i <) and r{ = 0. Further,

Irhallz” ) Dwin(M (A1)}
H'I‘%HQ2 - )\max(ArlrlAll)

holds for 0 < <.
2. For alli >0, p; #0, r! # 0, and (23) hold.

From Lemmas 3 and 8, we derive the following theorem. The proof is similar to that
of Theorem 3.3 in [1] for the CR method.

Theorem 5
For the least squares problem aI:Iéléln |b — Axl|ls, A € R"™ ", the necessary and sufficient

condition for the GCR(k) method to converge to a least squares solution without breakdown
for arbitrary b € R™ and initial approzimate solution xy € R™ is that, Ajp = Q1T AQs = 0
and the symmetric part M (A1) of Ay == Q1" AQ is definite.

Remark Here, by the term “the GCR(k) method to converge to a least squares solution”,
we mean 7! (the R(A) component of the residual 7) to converge to 0, or equivalently, the
residual r to converge to Q,b?, the 72(14)l component of b.

Proof. We will show the necessity of the condition by contraposition, i.e. we will show
that if M(Aj1) is not definite or if Ay # 0, then, there exists a b such that the GCR(k)
method breaks down before reaching a least squares solution.

(Case 1) The case when M (A1) is not definite.

If we suppose that M(A;;) is not definite, then from Lemma 3, there exists v # 0
such that (v, Aj;v) = 0. Thus, for such v, let

1 1 T
ofs] [2]-[ 9]

Ty = Qi'ro=Q1 (b—Axg) =b' — Q" Azg = v #0,
r2 = b*=0.
0

Then,

Hence, x( is not a least squares solution, and

(ro, Apy) = (ro, Arg) = 1ot Arg = (Q70) T AQT

Ay A r
= [T%)T,"“E)T} l O11 012 ] l r% ] = (r}, Aury) = (v, Ajjv) = 0.
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If (Apy, Ap,) = 0, the GCR(k) method of (3) breaks down at step i = 0 before

reaching a least squares solution.

. (r()? ApO)
On the other hand, if (Ap,, Ap,) # 0, then, oy = ——————~ =0
(42, 0) ’ (Apy; Apy)
Hence, 1 = xp, 71 = 19 = P,, so that x; is not a least squares solution. Further,
Ary, Ap Apy, Ap
58:_( - 0):_( L 0>:_Landp1:r1+ﬁ8po:po_po:0-

(Ap07 ApO) (Ap07 ApO)
Hence, for k > 1, the denominator (Ap,, Ap,) of ay becomes zero, and the GCR(k)

method breaks down at step ¢ = 1 before reaching a least squares solution.

For £ = 0, new x( := old @, = old x(, so that the process repeats without ever giving
a least squares solution.

(Case 2) The case when M (A;;) is definite and A9 # 0.

From Ajs # 0, there exist ¢ and j such that (A;2);; # 0. Hence, let
vy = (V11,. V1 k.-, 01,) " Where vy = O, and v = (vVo1,...,Vok, ..., V2, )" where
Vo), = 0;5. Then, v Ajpvs = (A12);; # 0. Hence, there exist v1 # 0 and vy # 0, such
that (’Ul, Alg'vg) 7é 0.

Thus, for such v, and v,, let

ofg). [8)-[g]

€EV2

Then,
’T'é = QlT'ro = QlT(b — Awo) = bl — QlTAZBO = V1 7é 0,
e = Q'ro= Q)" (b— Amy) = b* = vy,

Hence, x( is not a least squares solution.

If we let € = —M then
(vla A1202)’ ’
(7“0, Apo) = (’I“(l), All’l"é) + (’T'(l), Am’l"g) = (’Ul, Au'l)l) + 6(’01, Alng) = 0.

Now, if Ap, = Ary = 0, the GCR(k) method of (3) breaks down at step i = 0 before
reaching a least squares solution.

A
On the other hand, if Ap, # 0, then, ay = M = 0. Hence, 7y = 7y = p,, SO
(Ap07 ApO)
(A'rla Apo)

that x; is not a least squares solution. Further, 5) = — =—1,

(Apy, Ap)
pp=" +58p0 =py— Py =0.

Hence, for k > 1, the denominator (Ap,, Ap,) of a; becomes zero, and the GCR(k)
method breaks down at step ¢+ = 1 before reaching a least squares solution.

For £ = 0, new x( := old ®; = old x(, so that the process repeats without ever giving
a least squares solution.

Thus, we have shown the necessity of the condition.

The sufficiency of the condition follows from Lemma 8. O

In order to rephrase the condition in Theorem 5 in terms of the original matrix A,
note the following.
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Lemma 9 M(Ay) is definite <= M(A) is definite in R(A).

Proof. Note
(' M(An)y') = (¥ Any') = ¥ QTAQy'
= (Qy', AQiy") = (Qiy', M(A)Qy").
Hence,
M(Aj,) is positive-definite <= (y', M(Ay;)y') > 0 for all y' #0
= (Qiy', M(A)Qry") > 0 for all g #0
— (y,M(A)y)>0forallye R(A); y#0
<= M(A) is positive-definite in R(A).
(Similarly for the negative-definite case.) O

Lemma 10 If R(A) L N(A), then,
M(Ay) is definite <= “M(A) is semidefinite, and rank M(A) = rank A” .

Proof. 1f R(A) L N(A), then from Theorem 4, (16) holds, so that

CAnT 0
arato= | 0]
and _
Q- | Mt 0 ] | (24)
Thus, -
QU{M(A) —A\}Q = Q"M (A)Q — Al
so that

det QT det{M(A) — A1} det Q
= det{QTM(A)Q — AT} = det [ M(An) = AL 0 ] | (25)

0 L

Since M(A)T = M(A), there exists a nonsingular matrix S such that
STIM(A)S = diag[\,...,\,], where the right hand side is the diagonal matrix with
diagonal elements Ay, ..., A,.

Hence, rank M (A) = the number of nonzero eigenvalues of M(A). Thus,
M (A1) : definite <= “M(A) : semidefinite, rank M (A) = rankM (Ay;) = r = rankA”. O

Remark Example 2 shows that the equivalence in Lemma 10 does not necessarily hold
when R(A) L N(A) does not hold. In this case, M(A;;) is definite, but M(A) is not
semidefinite, and rank M (A) # rankA.

Thus, we have the following.
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Theorem 6
For the least squares problem ‘%Illﬁl |b — Azx|ls, A € R™™, the following are equivalent.
e n

(C1) The GCR(k) method converges to a least squares solution without breakdown

for arbitrary b € R™ and initial approximate solution xy € R™.
(C2) App = Q1TAQ, =0, and the symmetric part M (A1) of Ay = Q1TAQ, is definite.
(C3) R(A) L N(A), the symmetric part M(A) of A is semi-definite, rank M (A) = rank A.
(C4) R(A) L N(A) and M(A) is definite in R(A).

Remark 1 The above theorem is a natural extension of Theorem 2 for the nonsingular

case, since if A is nonsingular, R(A) = R™, N(A) = {0}, so that R(A) L N(A).

Remark 2 If the condition of the above theorem is satisfied, the (full) GCR method
(k = o0) will give a least squares solution of (8) within » = rankA iterations. This is
because the R(A) component of the algorithm is equivalent to the method applied to
Apx! = b' in R”, where A is definite (cf. (21)).

Remark 3 In [3], it is shown that R(A) L N (A) is the necessary and sufficient condition
for the GMRES method to converge to a least squares solution without breakdown for
arbitrary b € R” and initial approximate solution ;5 € R"™. The GCR and GCR(k)
methods require the extra condition: “M(A) is definite in R(A)” in order to avoid break-
downs unique to the methods.

Remark 4 In order to judge whether the method has converged to a least squares solution
for inconsistent systems ( i.e. when b ¢ R(A) ), one could monitor the norm of ATr.
This observation is based on the following lemma.

Lemma 11 7' == Q;"r =0 < ATr = 0.
Proof. Let A :=lay,...,a,].

rl=0Q;"r=0 < RA) Lr

<~ (ay,...,a,) Lr
CLlT

—  |r=ATr=0.
a,’

O
Finally, we consider where the approximate solution @; converges when the GCR(k)
method converges according to Theorem 6.

Lemma 12 Let R(A) L N(A). Then, the following hold for the GCR(k) method.

If v} converges to 0 (least squares solution), ! converges to Ay, 'b.

Moreover, if b € R(A), x? = x?, so that x; converges to Q1A 'b" + Qyx?.

Further, if €2 = 0 (i.e. o € R(A)), z; converges to Q1 A1, 'b', which is the pseudo-
inverse solution (the least squares solution with minimum Euclidean norm).

16



Proof. 1f R(A) L N(A), the R(A) component of decomposed GCR(k) algorithm (21)
can be regarded as the GCR(k) method applied to A& = b', where Ay; is nonsingular
from Corollary 1. Hence, if the R(A) component of the residual converges to 0, @}
converges to Ay; b

Moreover, if b € R(A), b> = 0 in the R(A)* component of the decomposed GCR(k)
algorithm (21), so that p? = 0 (i > 0), and hence, ? = x3 (i > 0).
Hence, x; = Qi) + Qox? converges to Q1A 'b" + Qyx2.

Further, if €2 = 0, 2 = 22 = 0(i > 0), so that @; converges to Q;4,; 'b". Now,
since ||z|3 = Tz = ||=*||% + ||z?||3, if we denote the converged solution by .,
2.2 = || A1, 7'0"|2 + ||22||2, and x2 = O gives the pseudo-inverse solution. O

Remark 1 Hence, if R(A) L N(A), A is definite in R(A), and b € R(A), we can obtain
the pseudo-inverse solution by setting &y = 0.

Remark 2 Even if R(A) L N(A) holds, if b is not in R(A) (inconsistent case), b> # 0 in
the decomposed GCR(k) algorithm of (21), so that it is not obvious where x?, and hence
x; will end up.

3.4 Convergence theorem for the case b € R(A)

Next, we will consider the case when the system is consistent, that is when b € R(A). In
this case, b° := Q1b = 0 holds. Hence, the decomposed GCR(k) algorithm of (19) can
be simplified as follows.

Decomposed GCR(k) algorithm (Case b € R(A))

R(A) component R(A)" component

Choose initial approximate solution a.

b':=Q,"b b’>:=0

gy = Q1" xo g = Qo' T
x 1y =b' — Apx) — Apal r:=b"=0
ph =1} p2imr3 =0
For ¢ =0,1,..., kuntil convergence do

begin

i = (7'11’114111711)1
’ (Anpi, Anpi)

1 . .l 1 2
T =T + a;p; T =T =X

17



1 1 1 2 2
T =T — g Anp; T =1;=0

(An’mlﬂy Anp})

Bl= -
’ (Anpjl'a Anp]l')

;
1.l i1 2 . n2
Pl =T T iPj P =rin =0

J=0

end

1. 1 2. .2
Lo = Tpyq Ly = Ly
Go tox.

(26)

Note that 3 remains unchanged in the above algorithm.
Then, we have the following theorem.

Theorem 7
For the least squares problem ar:nlﬁl |b — Azx|ls, A € R™™, the following are equivalent.
e n

(C1) The GCR(k) method converges to an exact solution without breakdown
for arbitrary b € R(A) and initial approximate solution xy € R™.

(C2) The symmetric part M (A1) of Ay = Q1T AQ, is definite.

(C3) The symmetric part M(A) of A is definite in R(A).

Proof.

(C2 = C1) : For b € R(A), the R(A) component of the decomposed GCR(k) algo-
rithm of (26) is equivalent to the GCR(k) method applied to the system
Apz' = b' — Ajpx?. Hence, from Theorem 2, if M(Ay;) is definite, r}, the R(A) com-
ponent of the residual, will converge to 0 without breakdown. Since 72, the R(A)* com-
ponent of the residual, is always 0, the method converges to an exact solution without
breakdown for arbitrary b € R(A) and x, € R™.

(C1 = (C2) : We will prove by contraposition, i.e. we will show that if M(Ay;) is
not definite, there exists a b € R(A) such that the GCR(k) method breaks down before
reaching an exact solution.

Assume that M (A;;) is not definite. Then, from Lemma 3, there exists v' # 0 such
that (v', Ajjv') = 0. Let b := Qib" + Q20> = Qb where b' := v + Ajjx} + Apal.
Then, p} := v} = v' # 0, so that xy is not an exact solution.

Then, at step i = 0, if A;;pj = Ajjv' = 0, breakdown occurs when computing .
But, 7} = v! # 0, so that vy # 0, i.e. =, is not an exact solution.

On the other hand, if A;;p} = Aj1v! # 0, then (v}, A;1p}) = (v!, Ajjot) = 0, so that
ap = 0, and ] = x}, r] = rj = v’ # 0. Hence, x; is not an exact solution. Further,

(Aury, A1ipg) (Apv', Ajv')

0 __ _ — _ =_1 d 1 _ a1 00yl — 291 1:0'
/BO (Allp(l),Allp(l)) (All'Ul,All’Ul> 9 an pl rl +B0p0 v v
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Hence, for k > 1, p} = 0, so that breakdown occurs at step i = 1, when computing
a1, even though x; is not an exact solution.

For k = 0, new x; = old xj, so the process repeats without ever giving an exact
solution.

Hence, if M(A;;) is not definite, for any @, there exists b := Qb € R(A) such that
the GCR(k) method does not converge to an exact solution.

(C2 <= (3) is a consequence of Lemma 9. O

Remark 1 The above theorem is also a natural extension of Theorem 2 for the nonsingular
case, since if A is nonsingular, b € R(A) = R".

Remark 2 If the condition of the above theorem is satisfied and b € R(A), the GCR
method without restarts will give a solution to (8) with in » = rankA iterations, since the
R(A) component of the algorithm is equivalent to the method applied to

Apx! = b' — Apax? in R, where Ay is definite.

Remark 3 Note here that, if M (A;;) is definite, then, Aj; is nonsingular from Lemma 1,
and R(A) NN (A) = 0 holds from Theorem 3.

Since, r} = b' — Apxl — Az}, we have the following.

Lemma 13 Ifb € R(A) and M(A) is definite in R(A), the following hold for the GCR(k)
method.

x! converges to Ay (b — Apaxl) and x? = x2, so that x; converges to
Q1A (b — Apad) + Quxd.

Further, if 2 = 0, (i.e. o € R(A)), x} converges to Ay, 'b" and x? = 0, so that x;
converges to the pseudo-inverse solution QlAlflbl.

3.5 Examples

Finally, we analyze the convergence of the GCR(k) method for the following examples
taken from [1].

Consider the two point boundary value problem of the ordinary differential equation

2
%—l—ﬁ%:f(x) 0<z<1)
with boundary conditions
1. periodic boundary condition: u(0) = u(1)

or

u du

2. Neumann boundary condition: — = —
de| _, dz| _,

As discretization of this problem, we discretize the interval [0, 1] into (n — 1) sub-intervals

of the same width, and approximate the derivative by centered finite difference. Let the
1
width of the sub-intervals be h = T and z; ;== (i — 1)h (i =1,...,n). Let u; be the

=0.

h
approximation of u(z;), and f; := f(x;). Further, let oy := 1+ % Hence, ay +a_ = 2.
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3.5.1 Periodic boundary condition

If we approximate the boundary condition by uy = wu,, u,+1 = w1, the system of linear
equation Au = f is given by

[ —2 oy a_ | [ wu | [ fi 1
1 a- =2 ay O Ug fa
O a- =2 oy Up—1 Jn-1
i Q. a_ —2 1L Unp, ] L fn

Here, the coefficient matrix A is a nonsymmetric n X n matrix, except for the case
8 = 0. Since, rankA = n — 1, A is singular. Hence, from the dimension theorem,
dim(N(A)) = 1, and if we define e = (1,1,...,1)T, Ae = 0, and N'(A) = (e).

On the other hand, let A = (a;;). Then, we have

(Au,e) =D > aju; = <Z %j) u; =0 "ueR",
i=1j=1 j=1 \i=1

so that e L R(A), or e € R(A)*. Further, since dim R(A)*+ = dimN(A4) = 1, we have
R(A)*: = N(A) = (e).

Since _ i
-2 1 1
1 =2 1
A+ AT 1 0
O 1 -2 1
I 1 1 =2 |

from Gerschgorin’s theorem, the eigenvalues of M (A) lie with in the closed interval [—4, 0].
Thus, M(A) is negative semi-definite. Note also that rank M (A) = rankA =n — 1.

Hence, from Theorem 6, when one applies the GCR(k) method to the system of linear
equations ( 27 ) arising from the case of periodic boundary condition, the method will
converge to a least squares solution without breakdown for arbitrary initial approximate
solution.

Since

FERMA) =WNA) <= fLNA) =(e) = (f.e)=> fi=0,

=1

if Z fi =0, we have f € R(A). In this case, from Theorem 12, the approximate solution
i=1

will converge to the least squares solution Q1 A;; QT f + Q2Q7 xy.
If further, y € R(A), the approximate solution will converge to the pseudo-inverse
solution ( the least squares solution with minimum Euclidean norm ) QA7 QT f.
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3.5.2 Neumann boundary condition

In this case, if we approximate the boundary condition by —uy + us = 0, u,,_1 — u,, = 0,
the system of linear equation Au = f obtained by discretization is

—1 1 (VA1 0
1 a- =2 ay O Ug fa
ﬁ =

0 S T

In this case, A is a nonsymmetric n xn matrix except when 3 = 0. Since rankA = n—1,

A is singular. Hence, dim(N(A)) = 1, and from Ae = 0, we have N(A4) = (e).
T

: L ay af™ ol T T
On the other hand, if we let y = |1, —,—,..., ==, = | , from y~ A4 = 07,
a_ ot a ol

we have yTAx = (y,Az) = 0 for all x € R™. Hence, y € R(A)*. By the way, from
dimR(A)* = dim N (A) = 1, we have R(A)* = (y).
Hence, unless 3 = 0, we have R(A)L # (e) = N (A), that is, R(A)* # N (A).
However, R(A) N N(A) = {0} holds. This is because N'(A) = (e), R(A) = (y), so
that N(A)NR(A) = {0} < (e) C R(A) does not hold <= e L y does not hold <=

e, 0. This holds because, a4 =1=+ @ >0 gives
(e,y) # 5 g

1 a an—3 an—2
(e,y):1+a—+a—2++---+ :2+a:_2 > 1.

Here, if we choose fs,..., f,_1 such that f L y, which is equivalent to

i—2 n—3
(F) = —fot St S fit o+ S fua =0,
a_ a’ al’ a”
we have f € R(A).

However, it is difficult to show the definiteness of M(A;;), which is the necessary
and sufficient condition for the GCR(k) method to converge to an exact solution without
breakdown ( condition (C2) of Theorem 7 ), for arbitrary n.

For the case n = 3,

4 4 0
A=|4-53 -8 4+8
0 4 -4

From R(A) = ()", and y = (4 — 3,4,4+ )", for instance, we may take

g, =c1(4,8—-4,00T g, = co[(4 — B)(4+ B3),4(4 + B), — (4 — 8)? — 16]T, where ¢; and c,
are normalization constants. Hence, we obtain A;; = QT AQ; where Q; = [q;, g5, and
M(A;1) = (myj). Then, we can show that my; < 0 and det M (A1) > 0, so that M(A;q)
is negative definite.
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4

Concluding remark

In this paper, we used the idea of decomposing the algorithm into the range space and
its orthogonal complement in order to analyse the behaviour of the GCR(k) method on
singular systems. This idea can also be applied to the analysis of other iterative methods
on singular systems. In a forthcoming paper, we will apply it to the GMRES method.
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Research (Fundamental Research (C)) of the Ministry of Education, Culture, Sports,
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