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Abstract

Consider applying Krylov subspace methods to systems of linear equations Ax =
b or least squares problems mmifrg |b — Az||2, where A € R™ ™ may be singular
e n

and/or nonsymmetric and x,b € R™. Let R(A) and N(A) be the range and null
space of A, respectively.

Brown and Walker [3] gave some conditions concerning R(A) and N (A) for the
Generalized Minimal Residual (GMRES) method to converge to a least squares
solution without breakdown for singular systems.

In this paper, we provide a geometrical view of Krylov subspace methods applied
to singular systems by decomposing the algorithm into components of R(A) and
its orthogonal complement R(A)+. Taking coordinates along R(A) and R(A)* will
provide an interpretation of the conditions given in [3], at the same time giving new
proofs for the conditions.

We will apply the approach to the GMRES and GMRES(k) methods as well
as the Generalized Conjugate Residual (GCR(k)) method, deriving conditions for
convergence for inconsistent and consistent singular systems, for each method.

Finally, we give examples arising in the finite difference discretization of two-
point boundary value problems of an ordinary differential equation as an illustration
of the convergence conditions.
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1 Introduction
Consider the system of linear equation
Ax = b, (1.1)

where A € R™™", x, b € R", which arises, for instance, in the discrete approximation of
partial differential equations.

When A is nonsymmetric, there are Krylov subspace type iterative solvers for (1.1)
based on biorthogonality, such as the Bi-CG method [12] and its modified versions such
as the CGS [34], Bi-CGSTAB [38], QMR [16] and TFQMR [14] methods. There are also
methods based on minimizing the residual » = b— Ax, such as the Generalized Minimum
Residual (GMRES) method [28] and the Generalized Conjugate Residual (GCR) method
[10]. When the coefficient matrix A is nonsingular, the behaviour of these methods is
fairly well understood [10, 28].

On the other hand, in the discrete approximation of partial differential equations,
the coefficient matrix of the resulting system of linear equations may be singular, de-
pending on the boundary condition. For instance, when Neumann boundary conditions
are imposed on the whole boundary, the system is rank one deficient. In the finite ele-
ment electromagnetic analysis using edge elements, singular systems with null spaces of
large dimensions may arise [2, 26, 20]. Such systems also arise when using redundant
interpolation functions in the finite element method [35]. The computation of stationary
probability vectors of stochastic matrices in the analysis of Markov chains also gives rise
to singular systems [37, 15, 5].

For such singular systems, the system (1.1) does not always have solutions, so it is
generally more appropriate to consider the least squares problem ;:relgln |b — Ax||,.

The analysis of linear stationary iterative methods on singular systems can be found,
for instance, in [36, 6]. Work on semi-iterative methods for such systems was done in
9, 17, 32].

As for the analysis of Krylov subspace methods for singular systems, there are the
works of [23, 37, 22, 13] for the conjugate gradient (CG) method, [15, 42] for methods
based on biorthogonality such as the QMR and TFQMR. For residual minimization type
methods, we refer to [1, 18, 19] for the conjugate residual (CR) method, [43] for the
Orthomin(k) method, [30, 31] for GCR and [3, 33, 21, 4, 31, 29] for GMRES.

When the system is singular, CG and methods based on biorthogonality may diverge
[43], and one has to modify the system in order to guarantee convergence[22, 41]. On the
other hand, for methods based on minimizing the residual, by principle, the residual is
expected to decrease monotonically without such modifications [1, 43].

Brown and Walker [3] gave some conditions concerning R(A) and N(A) for GMRES
to converge without breakdown to the least squares solutions for singular systems.

In this paper, we provide a geometrical view of Krylov subspace methods applied to
singular systems by decomposing the algorithm into the R(A) component and the R(A)*
component. This will clarify the meaning of the convergence conditions given in Brown
and Walker[3] and also give different proofs of the convergence theorems based on this
interpretation.



We will apply the approach to the GMRES and GMRES(k) methods as well as the
Generalized Conjugate Residual (GCR(k)) method.

The rest of the paper is organized as follows: In Section 2, we analyse the convergence
of GMRES and GMRES(k) on singular systems, by introducing an orthonormal basis for
decomposing vector variables into the R(A) component and the R(A)* component. In
Section 3, we analyse GCR(k) on singular systems using the same framework. Finally, in
Section 4, we give examples coming from the discretization of two-point boundary value
problems of an ordinary differential equation to illustrate the convergence conditions.

In this paper, exact arithmetic (i.e., no rounding errors) will be assumed.

The following notations will be used.

(v1,v9,...,v;): the subspace spanned by the vectors vy, v, ..., v;.
V+: orthogonal complement of subspace V' of R™.
For X € R™*",
R(X): the range space of X, i.e., the subspace spanned by the column vectors of X,
N (X): the null space of X, i.e., the subspace of vectors v € R" such that Xv = 0,
X+ X7 :
M(X) := — the symmetric part of X,

Amin(X): eigenvalue of X with minimum absolute value,
Amax(X): eigenvalue of X with maximum absolute value.

2 Convergence analysis of GMRES on singular sys-

tems
2.1 GMRES
Consider the least squares problem
in (b Az, (2.1)

where A € R™"™ may be singular and b € R".
We first consider applying the following GMRES [28] to this system.

GMRES

Choose x.
To — b— Awo

U1 = "“0/||7°0||2
For 7 =1,2,--- until satisfied do
hij = (vZ,AvJ) (1=1,2,---,7)

’i)j+1 = A'Uj Z hZ]’UZ
hj+1j H/U]+1H2 If h]+17j = 0, gOtO *.
Vi1 = Uj1/hjr1

End do



xk:=]
Form the approximate solution

A A B
where y = y, minimizes ||ry||2 = ||fe1 — Hryll2-

Here, Hy = [h;] € Rk 8 = |jrglls, and e, = [1,0,---,0]T. The method
minimizes the residual norm ||7||2, over the search space &, = xg + (vy, -+, vg), where
(v1,- +,v%) = (rg, Arg,- -, A*¥lrg), and (v;,v;) = 0 (i # j). The GMRES is said to
break down when h;,;; = 0.

When A is nonsingular, the iterates of GMRES converges to the solution for all b, xy €
R” within at most n steps in exact arithmetic [28].

For the general case when A may be singular, Brown and Walker showed the following

3]-

Theorem 2.1 GMRES determines a least-squares solution of (1.1) without breakdown
for all b and =z if and only if N'(A) = N(AT).

Theorem 2.2 Suppose (1.1) is consistent (i.e., b € R(A)). If R(A)NN(A) = {0}, then
GMRES determines a solution without breakdown.

2.2 A geometrical framework

In this section we will begin by giving geometric interpretations to the conditions N (A) =
N(AT) and R(A) NN (A) = {0}. This is done by decomposing the space R™ into R(A)
and R(A)™.

Let rankA = dimR(A) = r > 0, and

qi,---,q, : orthonormal basis of R(A), (2.2)
4,41 --,Qq, :orthonormal basis of R(A)L, (2.3)
Q1:=1[qy,...,q,] € R", (2.4)
Q2= [Gyy1- -+, ) € RO, (2.5)

so that,
Q = [Ql, QQ] e R (26)

is an orthogonal matrix satisfying
Q'Q=0QQ" =1,, (2.7)

where [, is the identity matrix of order n.
Orthogonal transformation of the coefficient matrix A using @) gives

A=QTAQ = Qle O Q1T54 @ ] = [ AO“ Aom ] : (2.8)

since QQTAQ = 0. Here, AH = QlTAQl and A12 = QlTAQQ.
In the following, we clarify some properties concerning the sub-matrices A;; and Ap
in (2.8).



Theorem 2.3 Ay : nonsingular <= R(A) NN (A) = {0}.

Proof.
R(A)NN(A) ={0}

)
R(A) NN (4) = {0}
)

RS ol e )=

Aj1 : nonsingular. O

x € /\/(AH)} = {0}

Lemma 2.4 A =0 = Ay; : nonsingular

Proof.

Since rankA = rank [ An 0

0 0 ] =rankA = r and A;; € R™", Ay is nonsingular. O

Theorem 2.5 Aj; =0 < R(A) = R(AT) < N(A4) = N(AT).

Proof.
The first equivalence is shown as follows.
R(A) = R(A)

= R(AT)

A Ag At 0

=5 ]) == o)

)
Ajo =0, where Lemma 2.4 was used for the last equivalence.

The second equivalence of the theorem follows immediately from the well-known rela-
tion R(A)+ = N(AT). O

Examples of matrices A for which A;5 = 0 hold are nonsingular, normal and symmetric
matrices, respectively.

Now we will consider decomposing iterative algorithms into the R(A) and R(A)*
components as in [1]. In order to do so, we will use the transformation

v = QTU: [Q17Q2]TU = l QlTv ] = [ v; ] )

QQTv v

1

v = Qv = [Q1, Q2] [ 22 ] = Qv + Quv°,



cf. (2.2)-(2.7), to decompose a vector variable v in the algorithm. Here, v' corresponds
to the R(A) component Q;v! of v, and v? corresponds to the R(A)* component Q,v? of
v.

Note, for instance, that the residual vector r := b — Ax is transformed into

7= Q"r = Qb — QTAQ(Q ),

el ]

or

ie.,

1 pl_ 1_ 2
P (29)
Hence, in the least squares problem (2.1), we have
_ 2 2
b — Az|ly” = |lr|ls” = |I7|ls" = [l " + ([0 (2.10)

2.3 Decomposition of GMRES

Based on the above geometric framework, we will analyze GMRES for the case when A
is singular, by decomposing it into the R(A) component and the R(A)* component as
follows.

Decomposed GMRES (general case)

R(A) component R(A)" component
b= Q" b= Q)"b
Choose x

93(1) = QlTiBo 213(2) = Q2TCI30
ry=b"— Ajx} — Apx? rZ =b’

2 2
[Iroll2 = VI3l + (16712
vy =14/l[roll2 v} =b%/||rol|2
For 7 =1,2,--- until satisfied do

h@j = (’Uzl, AH’U; + Au’U?) (2 = 1, 2, st ,j)

J J
A1 1 2 1 22 a2
Vi = Allvj + A12’Uj - Zhi,j'vi Viyg = — Z hw"’z‘
i=1 i=1

N 2 N )
hjt1; = \/ij+1H2 + HleHg . Ifhjy; =0, goto *.
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1 = 7yt - . 2 f— 22 . .

Vi1 = 'Uj+1/ha+1,a Vi = ’Uj+1/ha+1,a
End do
xk =7

Form the approximate solution

w,ﬁzmé—l—[v%,,v,{:]yk w%:mg—i_[vi’vi]yk
where y = y, minimizes ||ry||» = ||Be1 — Hryl|o.

In Theorem 2.5 we gave a geometric interpretation: A;o = 0 to Brown and Walker’s
condition: AN(A4) = N(AT). Now it is important to notice that if Aj5 = 0 holds, the
decomposed GMRES further simplifies as follows.

Decomposed GMRES (Case N (A) = N (AT))

R(A) component R(A)" component
b= Q" b = Q"b
Choose x

xz) = Q" x x2 = Q" xg
ri=>b"— Ajx} r = b’

2 2
rolls = /I[rdlo + 16|
vy =7¢/||roll2 v} = b?/||ro>
For j = 1,2, .- until satisfied do

hij = (v, Anvg) (i=1,2,---,7)

j
A1 1 1 L2 2
Vi = Anv; — Z hi jv; Vi1 = — Z hi jv;
=1 ]

~ 2 ~ 2
hivng = V05l + 192 0k" I by, =0, goto +.
v}+1 = f}}—l—l/thrlyj v?+1 = f’?-ﬁ-l/hﬁrl,j

End do



xk:=7

Form the approximate solution

) =x)+ [v], -, v Yy xp = xg + [v7, -, vil Yy,
where y = y, minimizes ||ry||» = ||Be1 — Hryl|o.

Note here that the R(A) component of GMRES is essentially equivalent to GMRES
applied to A &' = b', except for the scaling factors for v}. Note also that, from Lemma
2.4, Aj5 = 0 implies that Ay is nonsingular. Hence, arguments similar to [28] for GMRES
on nonsingular systems imply that GMRES gives a least-squares solution for all b and
.

2.4 Convergence theorem for arbitrary b

Thus, for the general case where b € R(A) does not necessarily hold, we have the following.

Theorem 2.6
GMRES determines a least-squares solution of (2.1) for all byxy € R™ if and only if
A12 = 0.

Proof. The sufficiency of the condition was shown above. The necessity follows since if
we assume that A5 # 0, then there exists a b such that the algorithm breaks down at
step j = 1 without giving a least squares solution. The details are given below.

Assume A; # 0. Then there exist s' # 0 such that A;;s8' + A128% = 0 where s! € R”
and s> € R"".

This can be shown as follows.

If Ay, is singular, there exist s! # 0 such that A;;s' = 0, so let s? = 0.

If Ay; is nonsingular, consider the following. Since Ay # 0, there exists (Aj2);; # 0,
so that Ajpe; # 0, where e; € R"™" is the j-th unit vector. Let s* = e; # 0, so that
A1p8? # 0. Then let s' = —A;; ' A1582 # 0. Thus we have Ay;8' + Ajp8% = 0, where
st #£0.

Thus, let b' = s' + A 2) + Ajpx? and b* = s? in the decomposed GMRES (general
case). Then, r} = s' # 0,73 = s, and v] = s'/||s|ls, v = s%/||s|2, where [|s],s =
\/||Sl||22 + HS2H22, and we have AH’U% + Alg'v% = 0.

Hence, at step j = 1, hiy = (v, Aol + Apv?) = 0,05 = 0,95 = 0,hy; =

\/||'i)2]|22 + ||’i)2||22 = 0, so that the algorithm terminates.

NS | 1ol oy ol 2 2 2 _ 1y 2
However, for k = 1, x; = x5 + y1v; = ¢y + TSRS X1 = Tp +Yivi = Tp + g ST

’]_N‘hU_S7 (29) giVGS ’l“% = bl - AHQ?% - Algw% = bl - AHQ?(I] - Algwg — ”'?éﬁ(AHSl + A1282) =

ry = s' # 0. Hence, Q,"r; = r! # 0, so that ATr; # 0, which means that x; is not a
least squares solution. O

Figure 2.4 summarizes the above arguments. Especially, it is interesting to note that
convergence without breakdown is equivalent to simple decomposition of the algorithm.



N =N = A,=0

Proof of Th. 2.6

Brown — Walker | | Th.2.1

Convergence {———— | Simple decomposition
without breakdown Proofof Th. 2.6 | ©f algorithm
for all b and x, (ihvioud)

Figure 1: The relation between convergence without breakdown and simple decomposition
of the algorithm.

Concerning where the approximate solution x; converges, we have the following.

Theorem 2.7 If N'(A) = N(AT), the following hold for GMRES.

The R(A) component of x;: x} converges to A;;~'b'.

Moreover, if b € R(A) (i.e., if b* = 0), then the R(A)* component of x;: x? = x2,
so that x; converges to Q1AL O T + Q205 .

Further, if x2 = 0 (i.e., zp € R(A)), then x; converges to
Q1A Q1 T, the pseudo-inverse solution.

Remark In the general case when b ¢ R(A), we cannot say anything about where the
R(A)L component of x; converges to.

2.5 Convergence theorem for the case b € R(A)

In the consistent case b € R(A), we have b> = Q,"b = 0. Hence, the decomposed
GMRES simplifies as follows.

Decomposed GMRES (Case b€ R(A))

R(A) component R(A)" component
b'=0Q,"b b’ =0

Choose x

x) = Q1w x5 = Q2" xo
ry=b"— Ajx) — Apx? r2=0

[Iroll2 = l|roll2



vy = 7/7ol]2 v =0
For j = 1,2, - until satisfied do
hi,] ( Allv ) (Z:LQ?’])

J

1 L2
]+1 Allv B Z hi Ui Ujt1 = 0
1
hjvrg = [0 alle- I hjp; =0, goto *.
1 _ . . 2 _
Vi = ”j+1/hj+1,1 Vi1 = 0
End do
xk:=]

Form the approximate solution

a:,lg:a:(1]+[v%,~-~,v,1€]yk w%:wg
where y = ¥y, minimizes ||ry||2 = ||Be1 — Hryl|2.

Note that in the above, the R(A) component of the GMRES is equivalent to GMRES
applied to Aj;2' = b'. Thus, we have the following.

Theorem 2.8
GMRES determines a solution for all b € R(A),xo € R™ if and only if R(A) NN (A) =

{0}

Proof. The sufficiency is shown as follows. Assume R(A) NN (A) = {0}. From Theorem
2.3, R(A) NN (A) = {0} & Aj;: nonsingular. Hence, arguments in [28] for nonsingular
systems imply that GMRES gives a solution for arbitrary b € R(A) and x,.

Next we show the necessity. Assume R(A) NN (A) # {0}, i.e., Aj; : singular. Hence,
there exists s' # 0 such that A;;s' = 0. Thus, let b' = s' + Ay &} + Appx?. Then, in the
above decomposed GMRES for the case b € R(A), v} :=s', v = s'/||s!|]2 # 0.

In step j = 1, since AHS% = 0, h171 = (’U%,AH'U%) = O,'i)% = AH'U% - hl,l’vi =0 and

ho1 = ||95]]2 = 0, so that the algorithm terminates.

However, for k = 1, xf = x5 + y1v} = @y + s’ @] = xf. Thus, (2.9) gives
7'% = bl—Anw%—Alzw% = bl—All(w(lﬂLnsyﬁ )_A12~'B0 7'0 ||3 || Ay st = (1) =s'#0.
Hence, ! is not a solution. O

Remark Theorem 2.2 (Theorem 2.6 in Brown and Walker [3]) claims only the sufficiency
of the condition.
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Concerning where the approximate solution @; converges, we have the following. Note
that ’l”'z-1 = bl — Anaz(l) — Algwg.

Theorem 2.9
If b € R(A) and R(A) NN (A) = {0}, the following hold for GMRES.

x; converges to Alfl(bl — Appxd) and x? = x?, so that x; converges to Q1A (b —
Apxf) + Q.

Moreover, if €2 =0, (i.e., xyg € R(A)), ! converges to A1, 'b" and x? = 0, so that
x; converges to the pseudo-inverse solution QlAH_lbl.

Remark From the proofs of the above theorems, it is clear that GMRES will converge to
the least squares solution within » = rank A iterations, when the condition for convergence

is fulfilled.

2.6 GMRES(k)

The restarted GMRES (GMRES(k)) method [28, 27] sets &y = x;, at every k iterations
in order to save memory and computational work. GMRES(k) also never breaks down
for nonsingular systems, but they may stagnate without converging to the solution. For
GMRES(k), we have the following. (See, e.g. Saad [27].)

Theorem 2.10 GMRES(k) converges to the solution for all b,xy € R"™ if A is definite.

Here, definite means either positive definite or negative definite. For k = 1, the definite-
ness of A is also a necessary condition for convergence, so that GMRES(1) may stagnate
and not converge to the exact solution for some b and x if A is not definite.

For singular systems, note the following.

Lemma 2.11 M(Ay;) is definite <= M(A) is definite in R(A).

Proof. Note (y', M(A;)y") = (y', Any') = ¥ QT AQy"
= (Qy", AQ1y") = (Q1y', M(A)Q1y"). Hence,

M (A1) is positive-definite

— (y',M(An)y') >0 forall y' #0

— (Qry', M(A)Q1y") > 0 for all y' #0
= (y,M(A)y) >0 forally € R(A); y #0
<= M(A) is positive-definite in R(A).

(Similarly for the negative-definite case.) O

Hence, we have the following.

Theorem 2.12 GMRES(k) converges to a least squares solution for all b,xy € R™ if
N(A) = N(AT) and M(A) is definite in R(A).

We also have the following.

11



Lemma 2.13 If M(A) is definite, then A is nonsingular.

Thus, if M(A;;) is definite, Aq; is nonsingular, which is equivalent to R(A) NN (A) =
{0}. Hence, we also have the following.

Theorem 2.14 GMRES(k) converges to a solution for all b € R(A),zo € R" if M(A)
is definite in R(A).

In the following, we derive a different interpretation of the definiteness of M(A;;) in
terms of A.

Lemma 2.15 Let S € R, ST = ST € RV, rankT = r. Let q,,...,q, be a basis
of R(T), and Q, = [q,,...,q,] € R™". Let the inertia of S1; = Q,7SQ, € R™" be
(m,v,C). Then, the inertia of TTST is (m,v,{ +n — 7).

Proof. There is a permutation matrix P € R"*" such that TP = [Q,0]R, where R €
R™™ is nonsingular. Hence, we have

T v Q" T v| S 0 T
T ST =PR 0 S[Q,0|RP* = PR 0 0 RP™.
Hence, from Sylvester’s law of inertia, the inertia of TTST is the same as that of [ Sél 8 ] .

O
From Lemma 2.15, we have the following.

Theorem 2.16 M(Ay;) is definite <= ATM(A)A is semidefinite and its rank is r =
rankA.

Proof.
M (Ay;) is positive definite.
<= Q"M (A)Q; is positive definite.
<= The inertia of Q;" M(A)Q; is (r,0,0).
<= The inertia of ATM(A)A is (r,0,n —r).
<= ATM(A)A is positive semidefinite and its rank is r.
Here, we have put S = M(A) and T = A in Lemma 2.15. Similarly for the negative
definite case. O

3 Convergence analysis of GCR(k) on singular sys-
tems

Next, we analyse GCR(k) using the same geometric framework.

3.1 GCR(k) on nonsingular systems

First, we briefly review the convergence of GCR(k) for nonsingular systems according to
[11, 10, 25, 1].

12



For the system of linear equations
Ax = b, (3.1)

where A € R™"™ is nonsingular but not necessarily symmetric,
b € R" is the right hand side, and € R™ is the solution, GCR(k) [10] is given as follows.

GCR(k)
Choose x

* Ty 3:b—Aw0

Dy = To
For i =0,1,...,k until the residual (r) converges, do
begin

('ria Apz)

o =

Tiy1 = Ti + P,

Tit1 =1 — a;Ap;
(Ariy1, Apj)

gii= IR (0<j<i
’ (Ap;, Ap;) ( )
Piy1 = Tip1 t Z 5; p;
§=0
end
Lo = Ti+1
Go to *.

(3.2)

The method is a Krylov subspace method which minimizes the residual norm ||r;||2
over &; = xo+(rg, Arg, ..., A" lrg), satisfying the orthogonality (Ap,, Ap,,) =0 (I <m),
within the same cycle. The method restarts every k-1 iterations, instead of doing the full
orthogonalization, in order to save storage and computation time. The full GCR without
restarts may be considered as GCR(o0).

When (Ap;, Ap;) = 0, GCR(k) is said to break down, and no further computation can
be performed.

If the (full) GCR does not break down, it determines the solution of (3.1) in at most
n iterations [10].

When A is nonsingular, the sufficient condition for the residual vector of GCR(k) to
converge to 0 is given by the following theorem [10, 25].

Theorem 3.1 If M(A) is definite, either of the following holds for GCR(k) (k > 0).
1. There exists | > 0, such that p; # 0 (0 < i <) and r; = 0. Further,

[Pisa |2 . {Amin(M(A))}?
[P — Amax(ATA)

(3.3)
holds for 0 < <.

13



2. Foralli>0,p, #0, r; #0 and (3.3) hold.
Next, note the following lemma.
Lemma 3.2 If M(A) is not definite, there ezists v # 0 such that (v, Av) = 0.

Theorem 3.1 and Lemma 3.2 give the following theorem which gives the necessary and
sufficient condition for GCR(k) to converge without breakdown [1].

Theorem 3.3 Let A € R™"™ be nonsingular. Then, GCR(k) converges to the solution of
Ax = b without breakdown for all b, xy € R™ if and only if M(A) is definite.

GCR is a simple implementation of the Krylov subspace method for nonsymmetric
matrices. GCR requires more memory and computation compared to GMRES. However,
GCR may have some advantages in the context of variable preconditioning [39, 7, 8, 24].

Although GCR is “mathematically equivalent” to GMRES [28], GCR has breakdowns
unique to the method, which may occur when the system is indefinite, as shown in the
theorem above, where as GMRES never breaks down for nonsingular systems. This
character is reflected in the singular case, as will be shown in the following section.

3.2 GCR(k) on singular systems

In this section, we will consider the convergence of GCR(k) when it is applied to singular
systems.

The quantities in the GCR(k) algorithm (3.2) can be expressed as follows.

First,

(r,Ap) = (QF, AQp) =7 QT AQp 1
— [,,,IT’TQT} [All A12 ] [22 ] _ (r1’A11p1 +A12p2).

0 0
Next,
(Ap,Ap) = (AQp, AQP) = P QTATAQp
= pQTATQQTAQp = (Ap, Ap),
where, 1 1 ,
<. A A A +A
Ap:lon 012][22]:[ 111?0 1217]’
so that
(Ap, Ap) = (Aup' + App’, Aup' + App?).
Further,

(Ar,Ap) = (AQF, AQp) =7"QTATQQ"AQp
= (A7, Ap) = (Aur! + Appr?, Apup' + App?).

Hence, GCR(k) can always be decomposed into the R(A) and R(A)* components as
follows.
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Decomposed GCR(k) (general case)

Choose initial approximate solution .

R(A) component

b':=Q1"b
13(1) = QlTazo

* 7‘(% = bl — Anw(l) — Algwg

po =T}

For +: =0,1,..., kuntil convergence do
begin

Q= (r!, Ayp! + Apop?)

(Anp} + A12p127 Anpl1 + Alng)
xl = x + ap]

7'1‘1+1 = 7'@1 - Oéi(Anpil + A12p?>

(Anri + Apriy, A11P]1~ + A12p§)

R(A)" component

b’ :=Q,'b

13(2) = QQTQ?O

2 2 2
T =T + o;p;

2 2 p2
ri o, =r;=>

Bl =—

%
1 . | [t
P =Tig + Z D
=0

end

1._ 1
Lo = Thgq
Go to * .

(Anp]l' + A12p}a Anp; + A12p]1')

0<j<i)

%
2 a2 [
Py = Tig + Z D
=0

2. .2
Lo = Ty

(3.4)

Note that 72, the R(A)* component of the residual vector is always equal to the least

squares residual b* of (2.1) (cf. (2.9), (2.10)).

3.2.1 Convergence theorem for arbitrary b

Using the decomposition obtained above, we will first derive the convergence theorem for
arbitrary b, i.e., when b may not necessarily be in R(A).

15



First note that, for the case when N'(A4) = N(AT), we have Aj; = 0 from Theorem
2.5. Hence, (2.9) becomes
7‘1 = bl — Alla:l

Y (3.5)

Note also that, from Lemma 2.4, Ay is nonsingular. Hence, from (2.10) and (3.5), a least
squares solution of (2.1) is given by a! = A;; " 'b'.

Now, for the case N(A) = N(AT), the above decomposed GCR(k) (3.4) can be
simplified as follows.

Decomposed GCR/(k) (Case N (A) = N(AT))

Choose initial approximate solution .

R(A) component R(A)* component
b' :=Q,Tb b’ :=Q,Tb

x) = Qg x? = Qy
xrh=b' — Ajx} r? .= b’

ph =} PR == b

For i =0,1,..., kuntil convergence do

begin

O — (7'11’114111711)1
’ (Allpia Anpi)

1 .1 1 2 .2 2
T =T+ ap; Ti =T+ p;
1 a1 , 1 2 .2 32

Tiy =T — G AND; Ti=r;=b

; Aprt... A 1.)
Jo._ _( 117541, A11P; < i<
bi (Anp}, A11P]1') (0 =7 = Z)

i i
1 .1 i1 2 . .2 i 2
j=0 7=0
end
1. 1 2. .2
Ly = Ly Lo = Ly
Go to * .

16



(3.6)

Note that the R(A) component of the above algorithm is equivalent to GCR(k) applied
to the system of linear equations
Ana:l = bl. (37)
Hence, the convergence of the residual of the decomposed GCR(k) (3.6) is determined
by the convergence of the residual 7! for GCR(k) applied to the system (3.7). Hence, from

Theorem 3.1, we obtain the following lemma concerning the convergence of the residual

of the decomposed GCR(k) (3.6).

Lemma 3.4
If A1o = 0 and M (A1) is definite, either of the following holds for the decomposed GCR(k)
algorithm (3.6).

1. There exists | > 0 such that p} # 0 (0 <i <) and r{ = 0. Further,

[y <1_ {Amin(M (A1)}
H'I‘}HQ2 - )\max(AlTlAll)

(3.8)

holds for 0 <4 <.

2. Foralli >0, p} #0, rl # 0, and (3.8) hold.

From Lemmas 3.2 and 3.4, we derive the following theorem. The proof is similar to
that of Theorem 3.3 in [1] for CR.

Theorem 3.5
For the least squares problem %211{171 |b — Axl|ls, A € R"™ ", the necessary and sufficient

condition for GCR(k) to converge to a least squares solution without breakdown for all

b,xy € R" is that Aj5 =0 and M (A1) is definite.

Remark Here, by the term “GCR(k) to converge to a least squares solution”, we mean
r! (the R(A) component of the residual r) to converge to 0, or equivalently, the residual
 to converge to Qub?, the R(A)" component of b.

Proof.

The sufficiency of the condition follows from Lemma 3.4.

The necessity of the condition is shown by contraposition, i.e., it is shown that if
M (A1) is not definite or if Aj5 # 0, then, there exists a b such that GCR(k) breaks down
before reaching a least squares solution.

(Case 1) The case when M (A;j;) is not definite.
If we suppose that M (A7) is not definite, then from Lemma 3.2, there exists v # 0
such that (v, Aj;v) = 0. Thus, for such v, let

1 1 T
ofs] [2]-[ 4]
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Then,
re = Qi'rog=0Q,"(b— Azy) =b' — Q" Axy = v # 0,
r: = b*=0.
0

Hence, x( is not a least squares solution, and
(ro, Apy) = (7o, Arg) = ro  Arg = (Q’FO)TAQ’FO

1
- {TéTargT} A A rg = (rg, Aurg) = (v, Anyv) = 0.
0 0 T

If (Apy, Apy) = 0, GCR(k) of (3.2) breaks down at step i = 0 before reaching a least
squares solution.

. (7'0, ApO)
On the other hand, if (Ap,, Ap,) # 0, then, oy = ———— = 0.
(4po o) (Apy; Apy)
Hence, 1 = xo, 71 = 19 = P, so that x; is not a least squares solution. Further,
Ary, Ap Apy, Ap
58:—7( ) _ _ (4Po Apo) 0)=—1,andp1=r1+68po=po—po=0-

(Apy, Apy) (Apy, Apy)
Hence, for k > 1, the denominator (Ap,, Ap,) of oy becomes zero, and GCR/(k) breaks

down at step ¢+ = 1 before reaching a least squares solution.
For k = 0, new x( := old @, = old x(, so that the process repeats without ever giving
a least squares solution.

(Case 2) The case when M (A;;) is definite and A9 # 0.
From A5 # 0, there exist ¢ and j such that (A;3);; # 0.
Hence, let v1 = (v11,..., V14, ..., v1,)" where vy = d;,, and
Vo = (g1, s U2k, Van—yp) where vop = .
Then, viA;pvs = (Apn);; # 0. Hence, there exist v; # 0 and vy # 0, such that
('Ul, Alg’Ug) 7é 0.
Thus, for such v, and v,, let
bl bl v+ QlTA:z:O
SR R |
Then,
Ty = Q1'ro = QlT(b — Ax) = b' — Q1" Azy = vy £ 0,
Ty = Q2"ry = Q2T(b — Axg) = b’ = evs.
Hence, x( is not a least squares solution.
7(1}1’ Anvl), then,
(Uh A1202)

(7'0, Ap()) = (7'(1), Allré) —+ (7'(1), A12’r3) = (Uh Allvl) + €(’U1, A12’02> =0.

Now, if Ap, = Arq = 0, GCR(k) of (3.2) breaks down at step i = 0 before reaching a
least squares solution.

If welet e = —

A
On the other hand, if Ap, # 0, then, oy = M = 0. Hence, r1 = 7y = p,,
(Apy, Apy) A A
so that x; is not a least squares solution. Further, 50 = —M = -1, p, =
(Apy, Apy)

1+ B3Py = Py — Py = 0.

18



Hence, for k > 1, the denominator (Ap,, Ap,) of a; becomes zero, and GCR(k) breaks
down at step ¢ = 1 before reaching a least squares solution.

For k = 0, new x( := old @, = old x(, so that the process repeats without ever giving
a least squares solution.

Thus, we have shown the necessity of the condition. O

In order to rephrase the condition in Theorem 3.5 in terms of the original matrix A,
note the following.

Lemma 3.6 If N(A) =N(AT), then,
M(Ay1) is definite
< “M(A) is semidefinite, and rankM(A) = rank A" .

Proof. 1t N(A) = N(AT), Theorem 2.5 gives

Qe = | MG T

Thus, we have

QN{M(A) = \}Q = Q"M (A)Q — NI,

so that
det QT det{M(A) — X1} det Q
= det{QTM(A)Q — A1} = det [ M(Aﬂg —AL _A(; ] :
Since M(A)T = M(A), there exists a nonsingular matrix S such that S™'M(A)S =
diag[\1, ..., Ay], where the right hand side is the diagonal matrix with diagonal elements
Mo A

Hence, rank M (A) = the number of nonzero eigenvalues of M(A). Thus,
M(All) . definite
<= “M(A) : semidefinite, rank M (A) = rankM (A;;) = r = rankA”. O

Thus, also noting Lemma 2.11, we have the following.

Theorem 3.7
For the least squares problem ‘%Illﬁl |b — Axl|ls, A € R™™, the following are equivalent.
e n

(C1) GCR(k) converges to a least squares solution
without breakdown for arbitrary b, xy € R™.
(C2) A1x =0 and M(Ay) is definite.
(C3) N(A) = N(AT), M(A) is semi-definite and rank M (A) = rank A.
(C4) N(A) = N(AT) and M(A) is definite in R(A).

Remark 1 The above theorem is a natural extension of Theorem 3.3 for the nonsingular

case, since if A is nonsingular, N'(4) = N (AT) = {0}.
Remark 2 If the condition of the above theorem is satisfied, the (full) GCR method
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(k = oo) will give a least squares solution of (2.1) within r = rankA iterations. This
is because the R(A) component of the algorithm is equivalent to the method applied to
Apz' =b' in R’ where A, is definite (cf. (3.6)).

Remark 3 As shown in subsection 2.4, and also in [3], N (A) = N (A") is the necessary and
sufficient condition for GMRES to converge to a least squares solution without breakdown
for arbitrary b € R™ and initial approximate solution €, € R". GCR and GCR/(k) require
the extra condition: “M(A) is definite in R(A)” in order to avoid breakdowns unique to
the methods.

Remark 4 In order to judge whether the method has converged to a least squares solution
for inconsistent systems (i.e., when b ¢ R(A)), one could monitor the norm of ATr. This
observation is based on the following lemma.

Lemma 3.8 ' :=Q;"r =0<= ATr =0.

Concerning where the approximate solution «; converges, we have the following.

Theorem 3.9 If N'(A) = N(AT), the following hold for GCR(k).

If v} converges to O (least squares solution), T, converges to A tbt.

Moreover, if b € R(A),x? = x2, so that x; converges to Q1 Ay, 'b" + Qyx?.

Further, if z2 = 0 (i.e., g € R(A)), x; converges to Q1 A1, b, which is the pseudo-
inverse solution (the least squares solution with minimum Euclidean norm).

Proof. Tt N(A) = N'(AT), the R(A) component of the decomposed GCR(k) (3.6) can be
regarded as GCR(k) applied to A2’ = b', where A;; is nonsingular from Lemma 2.4.
Hence, if the R(A) component of the residual converges to 0, «! converges to A;;~'b".

Moreover, if b € R(A), b> = 0 in the R(A)* component of the decomposed GCR(k)
(3.6), so that p? = 0(i > 0), and hence, ? = x2 (i > 0). Hence, ; = Q1 + Qox?
converges to Q1A 'b" 4+ Qyx2.

Further, if €2 = 0, 2 = 22 = 0(i > 0), so that ; converges to Q;4,; 'b". Now,
since ||z||3 = xTx = ||=!||2 + ||=?||3, if we denote the converged solution by x., ||z.|]3 =
| A1 70|32 + ||22||2, and 22 = 0 gives the pseudo-inverse solution. O

Remark 1 Hence, if N(A) = N(AT), A is definite in R(A), and b € R(A), we can obtain
the pseudo-inverse solution by setting &y = 0.

Remark 2 Even if N'(A) = N(AT) holds, if b is not in R(A) (inconsistent case), b* # 0
in the decomposed GCR(k) (3.6), so that it is not obvious where x?, and hence x; will
end up.

3.3 Convergence theorem for the case b € R(A)

Next, we will consider the case when the system is consistent, that is when b € R(A). In
this case, b° = Q3b = 0 holds. Hence, the decomposed GCR(k) (3.4) can be simplified
as follows.
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Decomposed GCR(k) algorithm (Case b € R(A))

R(A) component R(A)" component

Choose initial approximate solution x.

b'=Q,"b b’ =0

T = Q1" o xg = Q2" xg
x rh=b" — Azl — Apx? r:=0"=0
Po=To p;=75=0
For i =0,1,..., kuntil convergence do

begin

o = (rz‘lalAllpil)l
’ (Anpi, Anpi)

1 1 1 2 _ .9 _ .2
T =x; +op; T, =T =x)
1 1 A 1 2 .2
T =T, — GAnp; ri=1r;=0
1 1
5j B _(A117‘Z-+1, Allpj) (0<j<i)
;= T T S)s
’ (Allpj7 Allpj)
i
1 1 i1 2 _ .2
Pig =Tin+ D 0ip; Pip1 =T =0
=0
end
1 1 2 _ .2
Ly = L1 Ly = Ly
Go to % .

(3.9)
Note that 3 remains unchanged in the above algorithm.

Then, we have the following theorem.

Theorem 3.10
For the least squares problem grr:reuéln |b — Axl|ls, A € R™", the following are equivalent.

(C1) GCR(k) converges to a solution without breakdown
for allb e R(A),xy € R™.
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(C2) M(A1) is definite.
(C3) M(A) is definite in R(A).

Proof.

(C2 = C1): For b € R(A), the R(A) component of the decomposed GCR(k) (3.9) is
equivalent to GCR(k) applied to the system A x' = b' — Ajpx?. Hence, from Theorem
3.3, if M(Ay;) is definite, 7}, the R(A) component of the residual, will converge to 0
without breakdown. Since 72, the R(A)* component of the residual, is always 0, the
method converges to a solution without breakdown for arbitrary b € R(A) and x, € R™.

(C1 = (C2) : We will prove by contraposition, i.e., we will show that if M(Ay;) is
not definite, there exists a b € R(A) such that GCR(k) breaks down before reaching a
solution.

Assume that M(A;;) is not definite. Then, from Lemma 3.2, there exists v! # 0 such
that (v', Ajv!) = 0. Let b= Qb + Q20> = Qb" where b' = v' + Az} + Appx?. Then,
py=r5=v #0.

Then, at step ¢ = 0, if A;1pj = Ajjv! = 0, breakdown occurs when computing .
But, r{ = v! # 0, so that v # 0, i.e., Ty is not a solution.

On the other hand, if A;;p} = Ajjv! # 0, then
(rh, Aupy) = (vt Apot) =0, so that ap = 0, and ] = x},

Apry A11p1> (AUU Anv)
7,1:7,1:1}1750:_( 1771 o) _ _ ) :—1,andp1:7'1+ﬁ0p1:
! 0 0 (Anp(l)aAup(l)) (AllvlaAllvl) ! ! 0+0

vt —v! =0.

When k = 0, new x} = old 1 = old x}, new x3 = old x? = old 3, v} = v' # 0.
Hence, the new x; is not a solution, and this repeats for ever.

When k > 1,p} = 0, so that breakdown occurs at step ¢ = 1, when computing a;,
even though ri = v! # 0.

Hence, if M(A;;) is not definite, for any x, there exists
b= Q.b' € R(A) such that GCR(k) does not converge to a solution.

(C2 <= (3) is a consequence of Lemma 2.11. O

Remark 1 The above theorem is also a natural extension of Theorem 3.1 for the nonsin-
gular case, since if A is nonsingular, b € R(A) = R™.

Remark 2 If the condition of the above theorem is satisfied and b € R(A), GCR without
restarts will give a solution to (2.1) with in » = rankA iterations, since the R(A) compo-
nent of the algorithm is equivalent to the method applied to A;;x! = b' — Ajp22 in R,
where A;; is definite.

Remark 3 Note here that, if M(A;;) is definite, then, A;; is nonsingular from Lemma
2.13, and R(A) N N(A) = {0} holds from Theorem 2.3, which was the condition for
GMRES in Theorem 2.8.

Concerning where the approximate solution converges, we have the following. Note
that 'ril = bl — Amazg — Ana:il.
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Theorem 3.11 If b € R(A) and M(A) is definite in R(A), the following hold for
GCR(k).

x; converges to An_l(b1 — Appxd) and x? = x?, so that x; converges to QlAH_l(bl -
Apxf) + Q.

Moreover, if €z = 0, (i.e., xy € R(A)), T} converges to Ay, 'b" and x? = 0, so that
x; converges to the pseudo-inverse solution QlAlflbl.

4 Examples

Finally, we analyse the convergence of GMRES, GMRES(k) and GCR/(k) for the following
examples taken from [1].
Consider the two point boundary value problem of the ordinary differential equation

d*u du
@—Fﬁ@:f(x) 0<z<1)

with boundary conditions

1. periodic boundary condition: u(0) = u(1)
or

d
2. Neumann boundary condition: o 4 =0.

dx| dx
As discretization of this problem, we discretize the 1nterval [0, 1] into (n—1) sub-intervals
of the same width, and approximate the derivative by centered finite difference. Let the

1
width of the sub-intervals be h = T and z; ;== (i — 1)h (i =1,...,n). Let u; be the
n p—

h
approximation of u(x;), and f; := f(x;). Further, let oy := 14+ % Hence, oy +a_ = 2.

4.1 Periodic boundary condition

If we approximate the boundary condition by uy = wu,, u,+1 = uy, the system of linear
equation
Au = f is given by

I —2 Q. a_ Uy fl
| e -2 o, 0 Us fa
e : = : . (4.1)
O o =2 oy Up—1 Jn-1
i Q. a_ =2 1L Unp, ] L fn

Here, the coefficient matrix A is a nonsymmetric n X n matrix, except for the case g =
0. Since, rankA = n—1, A is singular. Hence, from the dimension theorem, dim(N(A4)) =
1, and if we define
e=(1,1,...,1)T, Ae = 0, and N'(A) = (e).

On the other hand, let A = (a;;). Then, we have

n

A’U, 6 ZZCLZ‘]‘U]‘:Z<ZCLU> Uj:O V'U/G].:{n,

=1 j5=1 J=1

23



so that e 1. R(A), or e € R(A)L. Besides, since dim R(A)* = dim N'(A4) = 1, we have
R(A)L = N(A) = (e), ie., R(A) L N(A)
(N(A) = N(AT) ). Hence, from Theorem 2.6, when one applies GMRES to the system of
linear equations (4.1) arising from the case of periodic boundary condition, the method will
converge to a least squares solution without breakdown for arbitrary initial approximate
solution xg.

Further, since

-2 1 1
1 -2 1
1 0
1 -2 1
1 1 -2 |

from Gerschgorin’s theorem, the eigenvalues of M(A) lie with in the closed interval [—4, 0].

Thus, M(A) is negative semi-definite. Note also that rank M(A) = rankA =n — 1.
Hence, from Lemma 2.12, Lemma 3.6 and Theorem 3.7, when one applies GMRES(k)

or GCR(k) to the system of linear equations (4.1), the methods will converge to a least

squares solution without breakdown for arbitrary x.
n

Since f € R(4) = W(A)" <= f L N(A) = (e) < (f.e) =D [, =0, if
i=1
Z fi =0, we have f € R(A). In this case, from Lemma 3.9 and 2.9, the approximate so-
i=1
lution of both methods will converge to the least squares solution Q1 A1, QT f 4+ Q2Q7 .
If further, y € R(A), the approximate solution will converge to the pseudo-inverse
solution (the least squares solution with minimum Euclidean norm) Q;A;'QT f.

4.2 Neumann boundary condition

In this case, if we approximate the boundary condition by —uy + us = 0, u,,_1 — u,, = 0,
the system of linear equation Au = f obtained by discretization is

—1 1 (VA1 0
) a- =2 oy O Uz Ja
ﬁ —=
a- =2 oy Up—1 Jn-1
0 S T

In this case, A is a nonsymmetric n xXn matrix except when § = 0. Since rankA = n—1,
A is singular. Hence, dim(N(A)) = 1, and from Ae = 0, we have N (A4) = (e).
n—3 n—2\ T

1
On the other hand, if we let y = <1, —, &t ...,a:ﬂ, oz:2) , from yTA = 07,
o

_a?’ o a
we have yTAx = (y, Az) = 0 for all x € R™. Hence, y € R(A)*. By the way, from
dimR(A)* = dim N (A) = 1, we have R(A)* = (y).

Hence, unless 3 = 0, we have R(A)* # (e) = N(A), that is, R(A)* # N(4) (N(A) #
N(AT)).
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However, R(A) NN (A) = {0} holds.
This is because N'(A) = (e), R(A) = (y)*, so that
N(A)NR(A) = {0} <= (e) C R(A) does not hold 5
h

<= e | y does not hold <= (e, y) # 0. This holds because, ay =1+ 5 >0 gives

1 a &n—3 &n—2
(ey) =1+ —+—F++ > L

Here, if we choose fs, ..., f,_1 such that f L y, which is equivalent to

&n—3

1 ag ol? v
(fy)=—h+—=Sh+t +—=fit+—=fi1=0,
a_ o all al
we have f € R(A).

Hence, GMRES determines a solution for all f € R(A),zo € R".

As for the definiteness of M (A1), which is a sufficient condition for GMRES(k),
and the necessary and sufficient condition for GCR(k) to converge to a solution without
breakdown for all f € R(A), (condition (C2) of Theorem 3.10), we could show the
following, using Theorem 2.16.

For n = 2,3, M(A;;) is definite. However, for n = 4, M (A1) is not always definite,
depending on the value of 3. The details are as follows.

Let a = %. Then, oy = 1+ 2a and a_ = 1 — 2a. Redefine A as Ah?. Let
S := ATM(A)A (cf. Theorem 2.16), s; be the i-th leading principal minor of S, and
r = rankA.

Forn = 2,AT = A = M(A),r = 1,51 < 0,85 = detS = 0, so that S is negative
semidefinite and rankS = 1 = r, so that M (A;1) is negative definite.

Forn=3r=2s5=-12(a— 5)*— 14 < 0,5 =20a*>+9 > 0,53 = det S = 0, so
that S is negative semidefinite and rankS = 2 = r, so that M (A;;) is negative definite.

Forn=4,r =3,s; = —12(a — 1—72)2 — % < 0,59 = 60a* — 148a® + 151a® — 60a + 14 >
0,54 = detS = 0,rankS = 3 = r, and s3 = 4(32a® — 80a* — 554> — 4). Hence, for
—a, < a < a, where a, = 1.752, s3 < 0, so that S is negative semidefinite and M (A;;) is
negative definite, but for a < —a, or a > a,, s3 > 0, so that S is not negative semidefinite
and M (A1;) is not negative definite. Hence, when the convection term is too strong, the
condition does not hold.

5 Concluding remark

In this paper, we used the idea of decomposing the algorithm into the range space and
its orthogonal complement in order to analyse the behaviour of the GMRES, GMRES(k)
and GCR/(k) methods on singular systems. The idea is a useful geometric framework for
analyzing the behaviour of iterative methods on singular systems.
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